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Using results from the theory of B-splines, various inequalities involving the nth 
order divided differences of a function f with convex nth derivative are proved; 
notably, f’“)(z)/n! 6 [x0,..., x,] f < ~;=o(.f’“‘(x,)/(n + l)!), where z is the center of 
mass (I/(n + 1 )) c:=o x,. fi? 1985 Academic Press, Inc. 
1 
We start with a brief overview of divided differences, n-convex functions 
and B-splines. 
Let f be a real-valued function defined on [a, b]. A kth order divided 
difference [4] of f at distinct points x,,,..., xk in [a, b] may be defined 
recursively by 
and 
Cx,lf=f(xi) (i = o,..., k) 
[Ixot..., +lf= (Cx, 1..., xk If - cxO,**.> xk - 1 If)/txk - x0)u 
The number [x0,..., xk]f is independent of the order of the points x0,..., x,@ 
This definition may be extended to cover the case where some or all of the 
points coincide by assuming that x0 ,< ... <xk and setting 
[x,..., x]f=f”‘(x)/j’ -3 
j + 1 tunes 
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provided f”‘(x) exists. If fg Z7,, (the polynomials of degree at most n) then 
cx O,‘.., x,] f is equal to the coefficient of X* and hence is zero if deg f < n. 
We say that f is n-convex in [a, b] if 
CX o,..., -%zlf~o for all a < x0 < . * . < x, < b 
(for more on convex and n-convex functions see [S] and [6]). With this 
definition a l-convex function is non-decreasing and a 2-convex function is 
convex in the usual sense. We note that if f is n-convex then [x0,..., x, _ ,]f 
is an increasing function of x0,..., x,- 1. 
Certain differentiability properties are enjoyed by n-convex functions; in 
particular, f’” - *) exists and is continuous in (a, 6) and ft-‘) exists and is 
right-continuous and increasing in (a, b). If f’“’ exists in (a, 6) then f is n- 
convex iff fen) > 0. We remark that f is n-convex in (a, b) iff f (npk) is k- 
convex there for 2 6 k d n. 
The first lemma is a special case of Jensen’s inequality for integrals [7, 
p. 631. 
LEMMA (1.2). Let f be convex in (a, b), g>O with lt g(x) dx = 1. Then 
fU 
h 
xg(x) dx g(x) f (x) dx. a 
Zf g > 0 in (a, b) then strict inequality holds unless f e I7,. 
The following material on B-splines and divided differences has its origin 
in the paper [l ] of Curry and Schoenberg. 
For fixed x E [a, b] let M(x; y) = n( y - x)“,- ‘, defined to be n( y - x)“-’ 
if y>x and zero otherwise. Let a<~,,< .‘. 6x, 6 b with xo#x,, and 
denote 
M,(x) = cxo,..., x,1 M-G .I (1.3) 
(the n-th divided difference of M(x; y) with respect o y at x0,..., x,). M,(x) 
is commonly referred yo as a B-spline and has the following properties: 
M,(x) > 0 in (x0, 4 
and 
M,(x) = 0 outside (x0, x,); 
if f has a continuous n-th derivative in (a, b) then 
cx o,..., x,]f = f fb M,(x) f ‘“‘(x) dx; . (I (1.4) 
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s h M,(x) dx = 1 a 
and 
xM,(x) dx = 
2 
In [8] it was shown that if f is a function having a convex nth derivative 
then the function 
g(x) = cx, x + h, ,.*., x+ kl .A 
defined by an nth order divided difference off, is a convex function of x. A 
similar proof may be employed to show that, in fact, the function 
G(4 = Cxo,..., x 1 f 
is a convex function of the vector X = (x0,..., x,). This leads to the 
inequality 
[ 
f. UiXkye.., f, Ui XL] f < f Ui[Xby**.y Xi] f 
i=O i=O 
for ai> and Cyzo ai= 1, which generalizes the inequality in [S]. 
We now prove our first main theorem. 
THEOREM (2.1). Let f@) be conuex in (a, b), a < x0 6 . . - <x, < b and 
z = (l/(n + 1)) C;=. xi. Then 
f’“‘(z) 
- = [z, . ..) zlfG Coo,..., d.f n! - 
n + I times 
If x0 # x, then strict inequality holds iff f $ II, + ,. 
Proof: Let M,(x) be defined by (1.3). Since f’“)(x)/n! is convex, (1.2) 
implies that for 
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we have 
f %) 
-< k(x) 5 
f’“‘(x) 
n! a 
T dx = [x0,..., x,]J 
Moreover, as in (1.2), if x,, # x, then strict inequality holds unless 
f’“‘~Z7,; that is, unlessf~II,+,. 1 
THEOREM (2.2). Let f be (n +2)-convex in [a, b], and let x,,,...,x, and 
to,..., t, be two sets of points in [a, b] satisfying: 
i xi = ,s ti9 
i=O 
ti>,xi (i = O,..., j- l), 
ti<xi (i = j + l,..., n), 
ti>Xi-1 (i = l,..., n). 
Then 
[to,..., t,lf 6 cxo,..., x,1$ 
Proof. 
cxo,..., xnlf - Ct0Y.r Llf 
= i ([to 3..*9 ti- 1, xi,..., xnlf- [fOYeee7 ti9 xi+ I,..., xnlf) 
i=O 
For i<j-- 1, (Xi-ti)<O and 
by monotonicity of the (n + 1)st order divided difference. For i aj + 1 the 
reverse inequalities hold; hence the theorem is completed by noting that 
C(xi-ti)=O. 1 
THEOREM (2.3). Let a<~,< ... <x, < b and ai be given such that 
CyXo ai= 1. Then 
CXOY., xnlf Gi .i aiCX0,..., xi-l, Xi+l7.**, xnlf’ (2.4) 
1=0 
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for every f that is (n + 2)-convex in [a, 61 iff 
;IJo ‘jxi=& IJo xi. 
If this condition is satisfied then strict inequality prevails iff f $ II,, , . 
Proof: Let y =C;=O CI,X,, z= (l/(n + 1)) C;=O x, and let M,(x) be 
defined by ( 1.3). Then from (1.4) we get 
=ij”f’“‘(t) i a,M,-,,i(t)dt, 
. a i=O 
where M,- l,i(t) is the B-spline based on the points x0 ,..., x,-i, xi+, ,..., x,. 
Now the formula 
(y-t)ML(t)+(n-l)M,(t)=n i EjM,-,,i(t) 
i=o 
[3] and integration by parts with vanishing boundary terms yield 
1 b 
,IJ‘ (f'"'(t)nM,(t)-f(;+"(t)(y- t) M,(t)) dt 
. a 
= cxo~...dnlf-~ ["r !“+“(t)(y- t)M,(t)dt. a 
If y#z then by taking f(t)= ft n+ ‘/(n + l)! we can derive a contradiction 
to (2.4) by noting that 
s 
0b(y-t)A4,(t)dt=y-z. 
Otherwise, by the monotonicity of f (J + I) we get 
I bfn ! “‘(c)(z- t) M,(t)dt<f+ ‘“+“(z)jb(z-t)M,(t)dr=O, (I u 
from which the assertions of the theorem follow. 1 
We note that, given the above two conditions on the tli, the number on 
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the right-hand side of (2.4) is independent of the choice of ai and thus may 
be taken to be 
The following corollary then follows by a straightforward induction. 
COROLLARY (2.5). If f is (n + 2)-convex in (a, b) then for all 
x0,-, x, E (a, b) 
cx 0,...,4f < & $ CxO~~~~~ xi-l2 xi+l,..., xnlf' 
l-0 
3 
We now give some examples with applications of the inequalities derived 
in Section 2. 
EXAMPLE (3.1). Our first example improves the well-known inequality 
xp y XL.<-+‘i 
P 9 
for x,y>0,j+t=l andp,q>l 
[6, p. 1903. Let f(x)=ex, n=2 and for O<a<b set 
x,=loga,x,=logb 
and 
1 1 
x,=-loga+-logb=logal’J’bl’q. 
P 4 
As f is 4-convex, (2.1) and the last inequality in (2.5) imply that 
1 + l/Pbl + l/91/3 < 
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By symmetry this holds for a > b as well. Now substituting a = xp, b = yq 
with x, y > 0 yields 
xY+ &(X 
P+ ly4f y/3 log2 
( ) 
$ 
<“p+yu<xy+ 
P 4 
~(xP+yq+xy)log~ 3 . 
( ) 
For example, for p = q = 2, this reduces to 
xy log2(x/y) < (x - Jg2 d $(x2 + y2 + xy) log2(x/y). m 
EXAMPLE (3.2). If f~ C*-‘[a, b] then one can show that 
(b - ~)“[a,..., 2  b,f=f(b)-;z;fq (b-a)!=, 
n times 
the error associated with the Taylor expansion off at a. If f(") is convex 
then it follows from (2.1) that f’“‘(z) <f(“)(t), where 5 is the so-called 
“intermediate point” in Taylor’s theorem [2] and z = (na + b)/(n + 1). Nor- 
mally r may lie anywhere in (a, b) but in this special case a further restric- 
tion on its location is possible: 
Zf f ‘“j(x) < fen)(z) for all z < x < b then < E (a, z]; if this inequality holds 
for all a c x -c z then [ E [z, b). 
This improves a result of Haber and Shisha [2]. 
Letting a = 0 yields the following estimate for the error in approximating 
f(x) = eX by a Taylor polynomial on [0, co): 
This estimate is valid for x < 0 as well if n is even; for x < 0 and n odd the 
reverse inequalities hold. 1 
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